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Acoustic analogies for the prediction of flow noise are exact rearrangements of the flow equationsN �~q� � 0 into a
nominal sound sourceS�~q� and sound propagation operatorL such thatL~q� S�~q�. In practice, the sound source is
typically modeled and the propagation operator inverted to make predictions. Because the rearrangement is exact,

any sufficiently accurate model of the source will yield the correct sound, and so other factors must determine the

merits of any particular formulation. Using data from a two-dimensional mixing-layer direct numerical simulation,

we evaluate the robustness of several formulations to different errors intentionally introduced into the source. The

motivation is that because S cannot be perfectly modeled, analogies that are less sensitive to errors in S are

preferable. Our assessment is made within the framework of Goldstein’s generalized acoustic analogy. A uniform

base flow yields a Lighthill-like analogy, which we evaluate against a formulation in which the base flow is the actual

mean flow of the direct numerical simulation and also against a globally parallel base flow that gives a Lilley-like

analogy. The more complex mean-flow formulations are found to be significantly more robust to errors in the

energetic turbulent fluctuations, but the advantage is less clear when errors are introduced at smaller scales.

Nomenclature

ai = eigenfunction time coefficients
a1 = ambient speed of sound
eij, �j = source terms defined in (5)
h = enthalpy
L = propagation operator
M1,M2 = Mach numbers of the mixing layer
N = compressible flow operator
Nt = number of eigenmodes
p = pressure
pe = modified pressure defined in (4)
~q = flow field
S = nominal noise source
t = time
Tij, Hij, H0 = source terms defined in Sec. II
ui = modified flow velocity defined in (4)
vi = flow velocity
V1;2 = mixing-layer velocity corresponding toM1;2

yp = perturbation at mixing-layer centerline
� = directivity (downstream is �� 0)
� = specific heat ratio
� = vorticity thickness at inflow boundary
� = wavelength
� = fluid density
�ij = stress tensor defined in (3)

 i = empirical eigenfunctions (POD modes)
! = angular frequency

Superscripts

0 = perturbed quantity
� = time-averaged quantity
� = Favre averaged quantity
^ = filtered quantity

I. Introduction

M OST approaches to predicting jet noise have three elements:
designation of a noise source and propagation operator,

modeling of the source, and solution of the radiated sound. Just as
there is no clear separation of sound from the rest of the flow in
nonlinear compressible turbulence, there is also no unique
designation of a noise source in such a flow. Near flow Mach
numbers of unity, many of the length and time scale separations
common in acoustic analysis are unavailable to assist this
designation. As a result, there are numerous possible choices for
decomposing the flow equations, written compactly here for flow
field ~q asN �~q� � 0, into a nominal noise sourceS and propagationL
operator: L~q� S�~q�. This formulation is known as an acoustic
analogy; the rearrangement is exact, but S�~q� is treated analogously
to an externally applied noise source. The (usually linear) wave
operator L provides the means to compute ~q in the far field where it
represents the radiated noise.

Lighthill [1] introduced the acoustic analogy by selectingL to be a
homogeneous-medium scalar wave operator acting on the density
perturbation �, but also recognized from the beginning [1] that this
decomposition is in a sense artificial. Since this propagation operator
L does not redirect sound, refraction is effectively lumped intoS and
is thus indistinguishable from a true noise source. The separation of
propagation and generation has troubled the aeroacoustic
community ever since. It can be argued that choices of L and S
that better separate true sources from propagation provide a firmer
platform upon which to begin modeling the sources. The linearized
Lilley equation [2,3] is a common choice for attempting to
accomplish this separation. In this formulation, a parallel base flow
and any refraction it causes is explicit in L. However, it does not
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provide any obvious simplification of the source S aside from
possibly localizing it, which might in some sense make it easier to
model. Nevertheless, it still leaves complex combinations of terms
which must be modeled in making predictions. Since there is no
obvious simplification that comes about by incorporating more
propagation physics into L, it can therefore also be argued that the
Lighthill approach is no worse off than such a more sophisticated
approach. Since the Lighthill analogy, like any acoustic analogy, is
exact, an accurate representation of the source provides the correct
sound despite the multiple physical effects grouped into it. This
makes it difficult to support any one formulation as being preferable
to any other.

In this paper, we take a new approach and empirically assess the
robustness of different acoustic analogies to errors in their respective
noise sources (S). Since S will never be modeled exactly in practice,
we explore whether some L~q� S�~q� decompositions are more
robust to errors than others. To make our assessment, we employ
Goldstein’s recently developed generalized acoustic analogy [4],
which provides a single clear framework for a family of consistent
L’s andS’s. The formulation is described in Sec. II. The noise source
data are taken from a direct numerical simulation (DNS), also
described in this section. Robustness is assessed by comparing
predictions when errors are purposely introduced into the source as
described in Sec. III. Specifically, we consider formulations built on
a homogeneous-medium wave equation as in Lighthill’s
formulation, a parallel base flow as in Lilley’s equation, and a
spreading mean-flow taken from the DNS, which is now
straightforward in Goldstein’s formulation. We also evaluate a
locally parallel flow approximation for L and S, which is, however,
not a formally constructed acoustic analogy because it is not an exact
decomposition. The large errors that we observe for the Lighthill-like
formulation are explained in Sec. IV with a simple model.

II. Preliminaries

A. Formulation

The propagation operator in Goldstein’s [4] generalized acoustic
analogy is similar to linearized Euler equations:
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and

~� ij � �ij �p � ~Tij � ~�ij (3)

The baseflow that defines the specific analogy has density ��, pressure
�p, and velocity ~vi and satisfies exact equations with sources ~Tij, ~Hij,

and ~H0 [4]. For example, the momentum equations for a time-
averaged base flow has Reynolds stresses as sources. Perturbations
from this base flow are �0, p0, and v0i. To put (1) into its relatively
clean form, new dependent variables were constructed from
nonlinear combinations of the primitive variables as

p0
e � p0 � � � 1

2
�vivi � �� � 1� ~H0 and u0i � �

v0i
��

(4)

which become p0
e � p0 and ui � vi in the far field or linear acoustic

limit.
The source terms on the right-hand side of (1b) and (1c) are the S

discussed in Sec. I. They are

e0ij � ��v0iv0j �
� � 1

2
�ij�v

0
kv

0
k � �0ij (5a)

~e ij � ~Tij � �ij�� � 1� ~H0 (5b)

�0i � ��v0ih00 � 	0i � �ijv
0
j (5c)

~� i � ~Hi � ~Tij ~vj (5d)

where � is a viscous stress tensor and 	 is a diffusive heat flux. The
enthalpy h00 is h00 � h0 � v0iv

0
i=2, where h

0 is a perturbation to the
base flow thermodynamic enthalpy.

We consider three base flow choices in this paper. The first is a
uniform flow,

��� �1; �p� p1; ~v1 � V1; and ~v2 � ~v3 � 0 (6)

which gives a Lighthill-like formulation for a uniform velocity
homogeneous medium. We take V1 to be the velocity of the slow

speed side of themixing layer that we study. In this case, ~Tij, ~Hij, and
~H0 are all zero, and so the sources are

e0ij � ~eij ���v0iv0j �
� � 1

2
�ij�v

0
kv

0
k (7)

and

�0i � ~�i ���v0ih00 (8)

where we have omitted molecular diffusion terms as we do
throughout in the discussion and in the numerical calculations.
Viscous effects have an insignificant effect on the sound generated
by flows of this type. In this case, perturbations are from the uniform
flow (6), not the mean flow.

In the second case, a globally parallel base flow, which is an exact
solution of the base flow equations with the source terms equal to
zero (i.e., Euler’s equations), is used with

��� ���x2�; �p� p1; ~v1 � V1�x2�; and ~v2 � ~v3 � 0

(9)

The base flow �� and V1 were taken from the time-averaged DNS at
the midpoint of the downstream domain in x1. This gives the same
source as (7) and (8), but now the fluctuations are measured relative
to the parallel base flow.

For the final acoustic analogy case, we took the time-averaged
DNS flow to be the base flow. In this case, an overbar ���� indicates a
time average with corresponding Favre average �~��. Thus we have
noise sources

e0ij � ~eij ���v0iv0j � �v0iv
0
j �

� � 1

2
�ij��v0kv0k � �v0kv0k� (10)

and

�0i � ~�i ���v0ih00 � �v0ih
0
0 (11)

both of which have zero mean.
The above formulations are exact, or at least could bewere viscous

effects included. We also consider an approximation which follows
directly from the exact mean-flow formulation by assuming a locally
parallel flow. In this case, only the transverse derivatives (@x2 ) of
time-averaged quantities in L and S are retained in (1) and (5). The
resulting L is the same as proposed by Tam and Auriault [5], but the
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source we calculate is an approximation of the exact S. For
convenience we discuss it simply as a separate case along with the
formal acoustic analogies in the following.

B. DNS Data and Acoustic Analogy Solution

TheDNS data used is that of a two-dimensional mixing-layer flow
between Mach 0.9 and Mach 0.2 free streams at the same
temperature. An instantaneous vorticity field is visualized in Fig. 1,
which also shows that the physical domain of the simulation extends
from x� 0 to 200� downstream and from y��80 to 80� in the
transverse direction, where � is the vorticity thickness at the inflow
boundary. The Reynolds number based on the velocity difference
and � is 500. Full details of the numerical method and simulation
procedure, including the specifics of the inflow excitation, are
provided elsewhere [6]. The only difference here is that the present x
domain and total simulation time have both been doubled while
maintaining the same mesh resolution.

Flow fields were saved every four numerical time steps during
simulation. All necessary averages, correlations, and source terms
needed for the acoustic analogies were computed directly from this
stored DNS data. Equation (1) was solved directly on the same mesh
as the direct numerical simulation using a similar algorithm with the
same numerical time step as the DNS. Spatial derivatives were
computed using a fourth-order seven-point explicit coefficient-
optimized finite-difference scheme [7] in both the directions. A
fourth-order Runge–Kutta algorithm was used for time advance-
ment. The source was interpolated in time as necessary using a cubic
spline with 16 knots. For both the DNS data and the analogy
solutions, the sound was extrapolated into the far field by a
semianalytic solution of the wave equation in the same manner as by
Freund [8]. The full details of this procedure and its validation are
documented elsewhere [6,9].

III. Robustness to Source Errors

As discussed in Sec. I, the primary objective of this work is to
assess the robustness of the noise predictions to errors in the nominal
noise source, and sowemust somehow specify these errors. Here, we
only consider errors that arise from omitting part of the flow solution
from the source computation. In practice, this error might be the
missing small-scale turbulence in a large-eddy simulation or due to
imperfect modeling of the larger turbulent scales in, say, a
parabolized Navier–Stokes model of a mixing layer or jet [10,11],
but we make no attempt to rigorously represent any particular source
of error.

A. Errors Introduced Via Normal Mode Decomposition

In this first of the two error methods that we consider, the flowwas
simply decomposed into empirical Karhunen-Loeve (KL)

eigenfunctions ~ i�x� [12], also commonly called proper orthogonal
decomposition (POD) modes, with time coefficients ai�t� such that
the flow ~q is reconstructed as

~q�x; t� �
XNt
i�1

ai�t� ~ i�x� (12)

In this study, the kinetic energy norm

E�
Z
V
�uiuidV (13)

defines the eigenfunctions in the usual way. Subsets of these modes
were then used to reconstruct the flow and calculate approximations

to eij and �i defined in (5). To compute ~ i, we used the method of
snapshots [13] with 558 data fields sampled at regular intervals from
the 3907 available fields stored from the simulation.

The fraction of the kinetic energy contained by each KL modes is
shown in Fig. 2. Figure 3 shows the spatial form of the y-velocity
component for the i� 1 and i� 128 modes, their corresponding
time coefficients ai�t� and also their time spectra. Clearly, lower-
order modes are of larger scale and lower frequency. Instability
wavelike modes, such as the i� 1 one here have also been detected
even in high-Reynolds-number turbulent jets [14]. We use these
modes to form two types of erroneous reconstructions for our
robustness assessment. The first is simple truncation of the
reconstruction series in (12) at Nt, where Nt < 558. Specifically, we
consider caseswithNt � 32 and 128, which include 91.3, and 99.3%
of the energy, respectively. The other form of error is introduced by
changing the contribution of one or two of the lowest-order modes.
We consider two such cases: a01�t� � 0:5a1�t� and
a01;2�t� � 0:5a1;2�t�. In the second case, both the lowest-order
modes are halved.

Table 1 describes the five cases for which we present results.
Sound spectra for all these cases are presented in Figs. 4 and 5 at
directivity angles �� 50 and 130	, respectively, where � is
measured from the downstream x axis toward the slow speed stream
(see Fig. 1). The spectra at �� 90	 show a behavior that is
qualitatively intermediate between these two cases. At all angles, the
full source case A produces a good match with the DNS directivity,
as it should if implemented correctly. The differences are believed to
be due to boundary conditions and other numerical errors and are
much smaller than the disagreement wewill see in the other cases. At
the highest frequencies all analogies show a similar error, all starting
at about the same frequency. We take this as a lower bound for the

M2 = 0.2

M1= 0.9
200δ

80δ

DNS Domain

Absorbing Buffer Zone

α

Fig. 1 Schematic of the computational domain with vorticity

magnitude showing the mixing layer. The angle � indicates the

measured directivity direction (see text), with the radius vector centered

at (50�, 0).
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range of intensities over which we can make meaningful
comparisons and assume that the subsequent calculations share
this threshold. Note that in all these plotswe do not cut off the spectra.

Despite representing nearly all the kinetic energy of the mixing
layer, retaining 128modes (case B) for all the formulations produces
significant erroneous noise in the higher frequencies. The mean-flow
analogy is somewhat closer to the DNS at higher frequencies in the
�� 50	 case while the Lighthill-like model is somewhat closer for
the intermediate range of frequencies at both the angles studied. The
globally parallel flow analogy behaves similar to the mean-flow
analogy, except at lower frequencies where it shows relatively more
error, though all formulations match quite well at the lowest
frequencies. Retaining fewer modes as in case C leads to similar
errors, but with the lower frequencies affected more significantly,
which is expected because lower-order modes have lower frequency
content.

A much more significant difference is observed when we disrupt
the lower frequency, larger-scale structures by altering the lowest-
order POD mode in case D. Since all the remaining modes were
exactly retained, we expect the same behavior as the full source case
(case A) at higher frequencies, but at �� 130	 we also now see large
over prediction errors in the low frequencies for the uniform-flow
(Lighthill) analogy. All the formulationswithmean shear included in
L do not seem to have this extreme sensitivity. The errors we see at
�� 50	 are relatively minor compared with higher angles. Clearly,
the complexity introduced by better distinguishing propagation from
true acoustic sources appears to be worthwhile in this case, because
the errors in the sound prediction are in better proportion to the errors

(by a kinetic energy measure) introduced into the noise source.
Similar exaggerated errors are also observed if we disrupt the third
mode (a3), but they appear, as expected, at somewhat higher
frequencies. However, the pronounced error in the uniform baseflow
case seems to decrease when we disrupt both the two lowest-order
modes in case E. This behavior is explained in Sec. IV.

0 50 100 150 200 0 50 100 150 200

-40

-20

0

20

40

x /δ

δ

δ

y/
δ δ

a)

-40

-20

0

20

40

b) x /

y/

0 25 50 75 100 125
-0.1

-0.075

-0.05

-0.025

0

0.025

0.05

0.075

0.1

ta∞/ δta∞ /

a
1

(t
)

c) 0 25 50 75 100 125
-0.1

-0.075

-0.05

-0.025

0

0.025

0.05

0.075

0.1

a
12

8
(t

)

d)

0 0.25 0.5 0.75 10

0.002

0.004

0.006

0.008

0.01

0.012

0.014

ωδ ωδ/a∞

â
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Table 1 Cases presented

Case Energy retained Description

A 100.0% Full source information
B 99.3% 128 modes
C 91.3% 32 modes
D 92.5% a01 � a1=2
E 85.5% a01;2 � a1;2=2
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Fig. 4 Soundpressure spectra at�� 50�: a) solid lineDNS, dashed line
DNS-meanbaseflowanalogy, anddotted line uniformbaseflowanalogy;
andb) solid lineDNS, dashed line globally parallel baseflowanalogy, and

dotted line locally parallel flow approximation. In both, A through E

labels show cases A through E as defined in Table 1.
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The changes in the radiation pattern can be seen more clearly with
sound-field visualizations. Figure 6a shows the sound field for the
DNS, which is well matched by all the analogies for the full source.
The truncation of the PODmodes beyond the first 128modes creates
small-scale, high-frequency noise of the typewe see in Fig. 6b,which
is expected and is insensitive to the analogy formulations. More
notable changes are observed for caseDofTable 1. Thea1=2 case is a

significant disruption, and the sound is altered for all the analogies,
though the effect is relatively minor for the DNS-mean-flow
analogy’s sound field visualized in Fig. 6c. However, for the
Lighthill-like analogy, there is a new and very strong upstream
radiation [see Fig. 6d], which is absent in the other cases. Its pattern is
reminiscent of jet screech, though this flow is subsonic. This strong
upstream sensitivity is, however, absent for case E.

B. Filtering Errors

We also introduced error by applying a spatial filter directly to the
DNS data. This filtered data was then used to compute the averages,
correlations, and sources as necessary for each analogy. The filter
had a transfer function T��� � 0:5 for spatial wavelength of
�� 15:7�. Its full details are provided in the Appendix. The far-field
sound spectra in this case (see Fig. 7) shows somewhat greater errors
for the uniform base flow analogy, but not as significantly as for the
a1=2 cases in Sec. III.A.

IV. Discussion of Uniform Base Flow Case

As is clear from the results of Sec. III, the uniform base flow type
analogy showed a pathological sensitivity to certain source errors
that disrupt the large-scale structure of the flow. In Fig. 6d we saw
that errors of this kind led to intense upstream propagating waves
reminiscent of the feedback component of screech noise. In this
section we explain this particular behavior with a simple model.

Figure 8 shows a component of the noise source for theDNS-mean
base flow case and the uniform base flow case. They are notably
different. The source in the uniform base flow case [Fig. 8b] has a
wavy character, whereas the absence of a mean component in the
DNS-mean base flow case yields only blob structures that convect
downstream [Fig. 8a]. We can demonstrate that it is this wavy
structure that makes the uniform base flow case particularly sensitive
to a disruption of one of its low-order POD modes.
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We assume that the two lowest-order modes give a convected
harmonic wave modulated by a Gaussian envelop,

yp � e��x
2 
a1�t� cos kx� a2�t� sin kx� (14)

with coefficients

a1�t� � � sin!t and a2�t� � cos!t (15)

This form is supported by themore detailed PODanalysis of this type
of flow [6]. Taking

u1 � 1
2
�M1 �M2�ftanh

�y � yp�� � 1g �M2 (16)

and having yp vary as in (14) gives the flow awavy character with an
undulating shear layer centerline similar to that seen in Fig. 8b. We
then solve

�
r2 � 1

a21

@2

@t2

�
��x; t� � � 1

a21

@2�u1u1
@x1@x1

(17)

which is essentially Lighthill’s equation with only the �u1u1
component of the source. Parameters M1 � 0:9, M2 � 0:2,
�� 0:00035, and 
� 0:1 were selected based on the DNS flow.
The resulting sound field is downstream directed, which is visualized
in Fig. 9a. However, taking a01 � a1=2 yields the sound field shown
in Fig. 9b. There is now a distinct upstream component similar to that
seen in Fig. 6d. The sound in this direction is increased by over
10 decibels. This is also seen in the sound-field directivity of Fig. 10.
Without the mean-flow component in the source, this extreme
sensitivity is absent. The upstream radiation also of course vanishes
on taking a01;2 � a1;2=2, similar to what was observed for case E of
Table 1. The particular behavior we observe is probably specific to
our flow, but the potential for this type of behavior is expected to be
much more general.

V. Further Discussion and Conclusions

There are twoways that we can anticipate acoustic analogies being
used in a time dependent formulation of the type tested here. The first
would be in conjunction with a large-eddy simulation or similar
accelerated solution of the flow equations which represents only the
larger, more energetic scales of the flow. The analogy in this case
might be used in conjunction with a sub-grid-scale source model to
predict the noise from the missing scales [15]. This application best
corresponds to the errormodels inwhichwe truncated the sum in (12)
at finite Nt, omitting for the most part smaller scale unsteadiness.

The second type of time dependent acoustic analogy application
we envision would be in conjunction with a model for the largest
scales of a turbulent flow, such as a solution of the parabolized
Navier–Stokes equations [10,11] or a dynamic model constructed by
projecting POD modes onto the governing equations. Such a
representation would, of course, contain some errors, which we
modeled by altering the time coefficient of the lowest-order modes.

The results above suggest that neither formulation has a clear
advantage for modeling the contribution of the missing small scales
to the higher frequencies in the noise spectrum, though this might, of
course, depend upon the specifics of the particular formulation used.
In this study we have a rather stringent accuracy demand which
assesses agreement over�50 decibels decay in the spectra. The noise
spectrum of turbulent flow typically decays more slowly with
frequency than seen here and therefore might potentially show
different results. However, analogy formulations with the dominant
refraction included in L do seem to be preferable in the second case,
where the Lighthill-like formulation shows significant errors. A
simple model demonstrates that it is specifically the wavy character
of the source due to the inclusion of the mean-flow in it which gives
rise to this sensitivity. Further study of the robustness of statistical
noise models with more complex and heated jets is warranted. We
can anticipate that these more complex flows might better delineate
the merits of the various formulations.
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Aside from their complexity, another purported disadvantage of
themean-flow analogy is that the resulting linearized Euler equations
support instability wave homogeneous solutions, which have the
potential to overwhelm the solution. However, no special treatment
was required in the present case. The homogeneous solution is
excited, but does not degrade the acoustic predictions.

Appendix

The filter used in Sec. III.B has the form

w2f̂i�2 �w1f̂i�1 � f̂i � w1f̂i�1 �w2f̂i�2

�
XN
j�0

cj�fi�j � fi�j�
2

(A1)

where f̂i represents the filtered variable obtained from the original
variable f. Coefficients were selected to maintain sixth-order
accuracy which following Lele [16] provides four equations for the
coefficients, leaving the c0is expressed in terms of w1 and w2 for
N � 3. The remaining two equations are obtained by requiring the
transfer function of (A1)

T�k�x� �
P

N
n�0 cn cos�nk�x�

1� 2w1 cos�k�x� � 2w2 cos�2k�x�
(A2)

to satisfy

T�k1�x� � s1 T�k2�x� � s2 (A3)

for 0 � k�x � �. We chose k1�x� 0:03 and k2�x� 0:09 for
s1 � 0:9 and s2 � 0:35 respectively, which result in the following
filter parameters:

w2 � 0:16645

w1 ��0:66645
c0 � 1

4
�2� 3w1�

c1 � 1
16
�9� 16w1 � 10w2�

c2 � 1
4
�w1 � 4w2�

c3 � 1
16
�6w2 � 1� (A4)

The transfer function is shown in Fig. A1, where one-half amplitude
reduction point occurs at k�x 0:07.
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